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On old papers ...



Superconformal (S-C) symmetry
1. Superconformal algebra

2. Rigid superconformal transformations

3. Gauge theory of the S-C algebra

4. Constraints and the Weyl multiplet

� S-C algebra

� S-C transformations

� S-C gauge algebra

� Soft S-C algebra

5. Actions and gauge fixing

6. Solutions and Killing symmetries

7. World volume theory in background

8. Gauge fixing

� Soft S-� algebra

� Rigid S-AdS algebra

� Rigid symm + GCT/k

� Rigid S-C symmetry

Much related to: ‘Conformal symmetry on world-volume of branes’, 
P. Claus, R. Kallosh and AVP, in “proceedings of “Super-5-branes and
Physics in 2+1 Dims”, Trieste1998, org. M. Duff, E. Sezgin, C. Pope



There are 
many good 
books that 
explain the 
basics, but ...basics, but ...



1. Superconformal algebra

� In general

� according to dilatational weight, e.g. D=4, � =1



Superconformal algebras

conformal is SO(D,2)

always compactcovering group



Supergroups



Superconformal algebras

conformal is SO(D,2)

always compactcovering group

not OSp(6,2| 2N)    !!



2. Rigid superconformal 
transformations 

From S-C group  
� S-C transformations� S-C transformations



Rigid conformal transformations

� generic transformation Lorentz repr.

intrinsic transformations �  ‘orbital parts’

intrinsic dilatation 
(Weyl weight transformation or 
closed homothetic Killing vector)



Closed homothetic Killing vector
Note terminology: 
Conformal Killing vector: 
homothetic Killing vector:

closed homothetic Killing vector: 

homothetic Killing vectoris necessary for dilatational invariance
Closed homothetic Killing vectorfor special conformal transformationsClosed homothetic Killing vectorfor special conformal transformations

The latter two conditions are combined to

in flat space:

E. Sezgin, Y. Tanii, 9412163



rigid Q en S susy

� Replace the non-conformal transformation 
parameter

� and possibly intrinsic S-supersymmetry 
� + R-symmetry group



3. Gauge theory of the 
superconformal algebra

From S-C transformations 
�  S-C gauge algebra�  S-C gauge algebra



Preview: 
Conformal construction of � gravity

� Constraints determine 
two gauge fields

‘Weyl multiplet’: 

K-gauge choice:  

remains dilatation as extra gauge symmetry



Gravity as a 
conformal gauge theory

The strategy
• scalar field (compensator)

dilatational gauge fixing

conformal gravity: 

� First action is conformal invariant, 
� gauge-fixed one is Poincaré invariant.
� Scalar field had scale transformation df (x)= � D(x)f (x)

dilatational gauge fixing

f



Schematic: Conformal 
construction of gravity

conformal scalar action
(contains Weyl fields)

Gauge fix 

local conformal symmetry

Gauge fix 
dilatations and 
special conformal transformations

Poincaré gravity action local �� symmetry



Covariant derivatives and curvatures

� Gauge theory rules



Special issues for local translations

absorbed in am(x) ® xm(x)when local: absorbed in a (x) ® x (x)when local:

problem:

� Remove gct from the sum over all symmetries: 
all the others are called ‘standard gauge transformations’.

- Replace translations with ‘covariant coordinate transformations’ 



4. Constraints 
and the Weyl multiplet

From S-C gauge algebra
�   Soft S-C algebra�   Soft S-C algebra



Susy gauge theories
� Gauge multiplet (in WZ gauge)

� �



Modified symmetry algebras: 
soft algebra

� When extra gauge symmetries, gauged by the vector 
multiplets, the derivatives become covariant

Not mathematical Lie algebra

The algebra is ‘soft’: 
structure constants become structure functions. 
Modified Jacobi identities

Later: when studying solutions: functions become constants. 
Leads to e.g. AdS or central charges in a Lie algebra



Gauge fields and the Weyl multiplet

determined by 
constraints

‘Weyl multiplet’: 

translations :



‘Conventional’ Constraints 
and the Weyl multiplet

Often need extra fields in order to satisfy an algebra with gctOften need extra fields in order to satisfy an algebra with gct

Weyl multiplet: 

e.g. D=4, � =2

Weyl multiplet: 

e.g. D=6, � =2
24+24

40+40



Soft algebra

� E.g. D=4, � =2



5. Actions and gauge fixing

From Soft S-C algebra
�  Soft S-� algebra�  Soft S-� algebra



The strategy

chiral multiplet + Weyl multiplet
superconformal action

Gauge fix dilatations, special conformal 

example of pure D=4, � =1 supergravity

local conformal symmetry

Gauge fix dilatations, special conformal 
transformations, S-susy and R-symmetry

Poincaré supergravity action local ��� � symmetry

chiral multiplet: ‘compensating multiplet’: 
fields will be fixed to constants, some fields may remain: 
e.g. auxiliary scalar in minimal sugra, 

graviphoton in � =2
for matter couplings: start with more conformal multiplets



The action
� Superconformal-invariant action

Gauge fixing� Gauge fixing

� super-Poincaré action

Extension: adding a (conformal-invariant) potential term for 
the chiral multiplet �� cosmological constant and gravitino-mass term



Stay in the gauge �  
decomposition law

� Symmetry with parameter q 0

� Symmetries with parameters q i

� We want to gauge fix the first with a condition  
f( )=0f(� )=0

� � f = d0(� ) q 0 + di(� ) q i with d0 invertible.
� decomposition law: q 0 = � (1/d 0) di(� ) q i

� After gauge fixing: 
� new (q i) = � old(q i) + � � [q 0 = � (1/d 0) di(� ) q i)]



Gauge fixing mixes symmetries

� ‘Decomposition laws’: e.g.

� In superconformal algebra, e.g. 

� Other example: U(1) gauge fixing in presence of other 
gauge symmetries: 
implies that � �� is function of other gauge symmetries: 
hence these symmetries act partially as 
‘gauged R-symmetry’



6. Solutions and Killing symmetries

From Soft S-� algebra

�  �  Rigid S-AdS algebra



AdS superalgebra

leads to anti-de Sitter for solution with F¹ 0  

the � =1 example of soft super-� algebra



Brane solutions with adS 
near horizon geometry

Harmonic function in 
transverse dimensions

r

� Brane solution interpolates between 
asymptotically flat and near horizon adS

� or: horizon limit as large N (many branes)



AdS (super)isometries

� Isometry group

� Solution preserves also rigid supersymmetry 
transformations �

�
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7. World volume theory in 
background

From Rigid S-AdS algebra
�  k�  Rigid symmetries + GCT + k - SUSY



Bosonic world-volume theory

has rigid symmetries inherited from solution:
• AdS isometries
• isometries of sphere

has GCT in d-dimensional worldvolume

solution metric



Wess-Zumino term

� related to � (p+2)-field strength form of the 
p-brane over surface with world-volume as 
boundary.

� Exact form varies for different cases, see 
e.g.



Supersymmetric theory
� In terms of superspace coordinates

and possibly other forms 

barred is flat index
D=4, p=0 exampleD=4, p=0 example

flat superspace

�



� - symmetry

� 	 is complicated, but relevant:
	 
 =1 and Tr 	 = 0 : projection such that
- half of spinor �� transforms

- � is effectively only half a spinor
(reducible symmetry)



8. Gauge fixing

From Rigid symmetries + GCT + k - SUSY
�  �  Rigid S-C symmetry



Gauge fixing of GCT on brane and
of � - symmetry

� Coordinates of space-time X m as functions of 
world-volume coordinates s describe place of brane 
in spacetimein spacetime

� General coordinate transformations on world-
volume can be gauge-fixed: identify with p+1 
spacetime coordinates

� Similar: split � in half that can be gauge fixed. These 
are gauge-fixedto zero.



Superconformal symmetry

� Gauge fixing preserved by combinations of the 
local symmetries and the (super)AdS isometries

� After the gauge fixings: multiplet of 
(p+1)-dimensional supersymmetry(p+1)-dimensional supersymmetry

� Preserved symmetries are rigid superconformal 
symmetries in p+1 dimensions



Summary

Many appearances of superconformal 
symmetry ...



superconformal algebra realized as rigid
symmetries on fields

gauging
local translations �  GCT

needs constraints soft S-C algebraneeds constraints soft S-C algebra

soft S-� algebra

Weyl multiplet

compensating multiplet
gauge fixing

S-�� action

S-C action



supergravity

Classical 
solution

adS

r

World-volume theory
in that background

soft S-� algebra

rigid
symmetries

local
GCT and �

Killing vectors
spinors

AdS 
superalgebra

rigid Conformal
superalgebra

Gauge fix


